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Annotation: Polynomials play an important role in mathematics, in programming, in
applied physics, and in many sciences. It has not been fully studied as a branch of algebra,
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and there are many questions regarding this section. In this scientific article | tried to explain
in simple words the concept of a “polynomial” and what properties it possesses, as well as
what actions and operations we can perform with them.

Keywords: the polynomials ring, congruence, polynomial addition, polynomial
multiplication, modulo.
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Introduction

Before starting, | want to say that this article is written for readers who already have
basic knowledge of algebra, who already know such concepts as field, rings, integral domain,
etc.

Where does algebra start? With some approximation, we can say that the origins of
algebra lie in the art of adding, multiplying and raising to the power integers. A formal, but
far from obvious and ambiguous substitution of numbers by letters allows one to act
according to similar rules within much more general algebraic systems. Consequently, an
attempt to answer in an exhaustive manner the question posed would lead us away only
centuries ago, into the secrets of the origin of mathematical thought. The more difficult part
of the answer would be related to the description of the basic structures of the algebra of our
days: groups, rings, modules, etc. In this case, it is with the theory of polynomials rings.
Many questions arise regarding the ring of polynomials, which we will consider.

The polynomials ring

What is a polynomial? What properties does it possess? What does the word
"polynomial” mean? The main task of classical algebra was to solve equations. By an
equation, we mean what happens when a certain expression - in which known and unknown
quantities can be present, as well as their sum, difference and product - is 0. When solving the
equation, various transformations of this expression were made. That is why, even before
solving the equation, it is advisable to see what transformations and actions can be performed
with this expression. To begin with, we will consider only those expressions in which there is
only one unknown. Since the discussion so far will not be about equations, the unknown
should not be considered as a number, but only as an indefinite quantity, over which it is
possible to perform actions in the same way as over numbers. If in one expression there is
only one unknown, then the expression can be written as the sum of the degrees of the
unknown multiplied by some coefficients. To solve the equation, it is also important to know
which numbers are present in the equation, and what number is the solution of the equation
itself, that is, are they, for example, rational, real or complex numbers. Based on these
considerations, we give the following definition:

Definition. Let R be any ring. A polynomial with coefficients in R is an expression of
the form a, + a;x + a,x? + .. + a,x™, where n is a nonnegative integer and a; € R.

The main idea here is to define a “polynomial’ in a way that is an obvious extension
polynomials with real number coefficients.

But even this definition is not enough, because there are many questions. What is x?
What properties does it have? Is x an element of R? What does it mean to multiply x by a
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ring element? To find out the answers to these questions, note that an expression of the form
a, + a;x + a,x* + ... + a,x™ makes sense, provided that the a; and x are all elements
of some larger ring. | will give you an example. The number 7 is not an integer, but an
expression such as 5 + 2r — 3w? — 123 and 3w? — 43 make sense in the real numbers.
So we shall think of polynomials with coefficients in a ring R in much the same way, as
elements of a larger ring that contains both R and a special element x that is not in R. The
following theorem closes all questions regarding the definition of a polynomial.
Theorem 2.1.
If R is a ring, then there exists a ring T containing an element x that is not in R and
has these properties:
1)R is a subring of T.
2)x-a = a-xforeverya € R.
3) The set R[x] of elements of T of the form
a, + a;x + a,x* + ..+ a,x™ (where n > 0 and ai € R) is a
subring of T that contains R.
4)The representation of elements R[x] is unique: if n < m and a, +
ax + ax? + ..+ apx™ =by + byx + byx? + ... + byx™, then a; = b; for
i = 1,2,..,nand b; = 0foreachi > n.
5)a, + a;x + ax? + ... + a,x™ = 0ifandonlyif a; = 0 for every i.
The elements of the ring R[x] in this theorem are called polynomials with
coefficients in R and the elements a; are called coefficients. The special element x is
sometimes called an indeterminate.
Example 1. Let D be the ring of odd integers. Then 3 — x + 5x° € D[x]. However
the polynomial x is not in D[x], because it cannot be written with odd coefficients.
The rules for addition and multiplication of polynomials directly follow from the
fact that R[x] is a ring.
Example 2. Let f(x)= 2 + 3x + 4x2%-6x3 and g(x) = 1 + 5x + 2x? +
7x3, then the associative, commutative and distributive laws show that
fx) + g(x)= (2 + 3x + 4x?-6x3) +(1 + 5x + 2x* + 7x3) = 2+
D+ GBx +5x) + (4x2 +2x) + (-6x3+7x3) = 24+1) + B+ 5x+ 4+
2)'x?+ (-64+7)x>=3 4+ 8x + 6x2+ 1x3
The product of polynomials follows from the distributive law:
C+xDx+xH=2-(x+ 23+ x%2-(x + x3)
=2-(x) +2-(x% + x%2-(x) + x2-(x% = 2x + 2x3 + x3 + x5
= 2x + 3x3 + x°
The polynomial addition is given by the rule:
(ag + a1x + axx? + ... + apx™) + (by + byx + byx? + ... + byx™)
= (ay + by) + (ay+ b)x + (az + by)x? + ...+ (a, + by)x"
and polynomial multiplication is given by the rule:
(ap + ayx + ax? + ... + ax™)(by + bix + byx? + ... + byx™) =aghy +
(aphy + a1by) x + (agh, + aib; + aybp)x? + apby,x™™.
For each k > 0, the coefficient of x* the product is
agb, + a;by_1+ ayby_, + ... + ax_,b, +ap_1by + ayby =
YK oaibx_;, where a; = 0ifi > nand b; = 0if j > m. It follows readily from this
description of multiplication in R[x] that if R is commutative, then so is R[x]. Furthermore, if
R has a multiplicative identity 1, then 1 is also the multiplicative identity of R[x].
Definition. Let f(x) = aq + a;x + a,x?> + .. + a,x™ be a polynomial in R[x]
with an a,, # 0.Then a,, is called the leading coefficient of f(x). The degree of f(x) is the
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integer n; it is denoted "deg f(x)". In other words, deg f(x) is the largest exponent of x
that appears with a nonzero coefficient, and this coefficient is the leading coefficient. The
ring R that we start with is a subring of the polynomial ring R[x]. The elements of R,
considered as polynomials in R[x], are called constant polynomials. The polynomials of
degree 0 in R[x] are precisely the nonzero constant polynomials. Note that

the constant polynomial 0 does not have a degree (because no power of x appears
with nonzero coefficient).

Theorem 2.2.

If Risan integral domain and f(x), g(x) are nonzero polynomials in R[x], then

deg[f (x) - g(x)] = deg f(x) + deg g(x).

Corollary 2.3.

Let R bearing. If f(x), g(x), and f(x) - g(x) are nonzero in R[x], then

deg [f (x) - g(x)] < deg f(x) + deg g(x).

Example 3. Let f(x) = 3x3 and g(x) = 5x% in Zg[x]. Then f(x) g(x) =
(3x3)-( 5x2) = 6x°. However, if g(x) = 1 + 3x*, then f(x)-g(x) = 3x3) (1 +
3x%) = 3x3 + 0x7 = 3x3.

You have familiarized yourself with the basic concepts regarding the topic of
polynomial rings, except for one. Division of polynomials. As in the field of integers,
division in a system of polynomials is not feasible at all. For integers, division to some extent
managed to replace division with the remainder. Division with remainder can also be
determined for polynomials. When dividing integers, the remainder always turned out to be
less than the divisor. However, in the system of polynomials it cannot be said that one
polynomial is smaller than the other. Here, this function is performed by degrees of
polynomials. It is easy to show that in a system of polynomials one can perform division with
a remainder in such a way that the degree of the remainder is less than the divisor.

Let f(x) — an arbitrary polynomial and g(x) — a nonzero polynomial, then there are
exist the polynomials q(x) and r(x), that f(x) = q(x)-g(x) + r(x), where deg r(x) <
deg g(x) orr(x) = 0.

Example 4.

x3 + 2x% + 3x-6 = (x- 1)(x? + 3x- 4) + (10x - 10) or x?
+5x-6 = (x- 1)(x + 6).

In the second expression r(x) = 0.

And now, knowing all the basic definitions and terms, we can proceed to the next
chapter, called "Congruence of polynomials".

The congruence of polynomials

The concept of congruence of integers depends only on some basic facts about
divisibility in Z. If F is a field, then the ring of polynomials F[x] has the same properties as
Z. The properties can be almost literally transferred to F[x]. Based on these considerations,
we have given you the following definition.

Let F be a field and f(x), g(x), p(x) € F[x] with p(x) nonzero. Then f(x) is
congruent to g(x) modulo p(x) - written f(x) = g(x) (mod p(x)) - provided that p(x)
divides f(x) — g(x).

Example 5. In Q[x], x> + 2x + 3 =x + 4 (mod x + 1) because (x? + 2x +
3)-2x + 4)=x*—-1=(x — D(x + 1

Theorem 3.1.

Let F be a field and p(x) a nonzero polynomial in F[x]. Then the relation of
congruence modulo p(x) is

(1) reflexive: f(x) = f(x) (mod p(x)) for all f(x) € F[x];
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(2) symmetric: if f(x) = g(x) (mod p(x)), then g(x) = f(x) (mod p(x));

(3) transitive: if f(x) = g(x) (mod p(x)) and g(x) = h(x) (mod p(x)), then

f(x) = h(x) (mod p(x)).

Theorem 3.2.

Let F be a field and p(x) a nonzero polynomial in F[x]. If f(x) = g(x) (mod
p(x)) and h(x) = k(x) (mod p(x)), then

(D) fx) + h(x) = g(x) + k(x) (mod p(x)),

(2) f(x) - h(x) = g(x) - k(x) (mod p(x)).

Definition. Let F be a field and f(x), p(x) € F[x] with p(x) nonzero. The
congruence class (or residue class) of f(x) modulo p(x) is denoted [f(x)] and consists of
all polynomials in F[x] that are congruent to f(x) modulo p(x), that is,

[f 0] = {9 | g(x) € Flx]and g(x) = f(x) (mod p(x))}.

Since g(x) = f(x) (mod p(x)) means that g(x) — f(x) = k(x) - p(x) for some

k(x) € F[x] or, equivalently, that g(x) = f(x) + k(x) - p(x), we see that
[f(] = {9(x) | g(x) = f(x) modp(x))} = {f(x) + k(x)-p(x) | (x) € Flx]}.

Example 6.

Consider a comparison modulo 5x 2 + 2 in R[x]. The congruence class 3x + 4 is
the set {(3x + 4) + k(x)-(5x 2+ 2) | k(x) € R[x]}.

The division algorithm shows that the elements of this set are polynomials from
R[x], which leave the remainder 3x + 4 when divided by 5x % + 2.

Example 7.

Consider congruence modulo x? + x + 2 in Zz[x]. The possible remainders on
division by x2 + x + 2 are the polynomials of the form ax + b with a, b € Z3. Thus there
are only nine possible remainders: 0, 1, 2, x, X +1, x + 2, 2x, 2x + 1 and 2x + 2.
Therefore, Z5[x]/(x* + x + 2) consists of nine congruence classes: [0], [1], [2], [x],
[x + 1], [x + 2], [2x], [2x + 1] and [2x + 2].

Statement 3.1.

If p(x) is a nonzero constant polynomial in F[x], then any two polynomials in F[x]
are congruent modulo p(x).

Proof:

Let p(x) = c for some nonzero ¢ € F. For any f(x) € F[x] we have f(x):
c (since f(x) = c(c1f(x))). Also for any g(x) € F[x] we have g(x) i c (since g(x) =
c(c ™t g(x))) Therefore f(x) = g(x) (mod p(x)), because

fe) —g@) =clc™f(x) —clctgx) =clcflx) —ctgx) ic

Exercise 3.1.

How many distinct congruence classes are there modulo x3 + x + 1in Z,[x]? List
them.

Solution:

There are 15 polynomials less or equal x3 + x + 1in Z,[x]:

T,x,x%,x3 , x + 1,224+ 2,23+ x,x2 + 1,23 + 1,23+ x2, x3 + x? + x,
B3+ +1,x3+ x4+ 1,x*+x+1andx3+ x2+ x + 1.

It is easy to find the reminder by the division algorithm.

B+ x+1=0(+x+1)1+0 x> +x+1=1-(x3+x) +1

B+ x+1=0(»x +(x+1) x3+x+1 =103 + x2 + x) +
x%2 + 1)

B+ x+1=0) )+ x+ 1 B+ x+1=1-(x>+1) +x

B+ x+1=1-3)+x+1) x4+ x+ 1 =1(x3 + x?) + (x* +

x +1)
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B x+ 1=+ x+D+1 B+x+1=x)-Z+1+1
B x+ 1=+ 1D x*+x)+1 x4+ x+1=1-(x3+x+ 1)+

0

B+ x+1=1-03+x2+ 1) + (x? + x)

x4+ 1=+ 1D x?+x+1)+x

A x+1=1-(x3+x%2+x+ 1) + x?

There are 8 classes. [0], [1], [x], [x + 1], [x?], [x? + 1], [x* + x], [x* + x +
1].

Statement 3.2.

There are infinitely many distinct congruence classes modulo x?* — 2 in Q[x].
Describe them.

Proof.

The classes are uniquely represented by the elements ax + b fora, b € Q. There
are an infinite number of different choices.

Exercise 3.2.

Describe the congruence classes in F[x] modulo the polynomial x.

Solution.

f(x) = g(x) (mod x) if and only if f(x) — g(x) is divisible by x. This happens
if and only if f(x) — g(x) has a zero constant term. So f(x) = g(x) (mod x) whenever
the constant terms in f and g are the same, so that there is one congruence class for each
possible constant.

Conclusion

Polynomials make up the old and well-studied section of traditional algebra. It plays
a large role not only in mathematics itself, but in the information sciences, in physics, in
engineering, etc. It would seem that polynomial rings have been fully studied, but actually
not. There are many unresolved issues. And the deeper we dig, the more questions we get.
Many questions arise when it comes to polynomials from two or more unknowns, whether it
preserves its structure as a single variable, whether the laws of arithmetic are respected, and
how they are divided into classes. And | set myself the goal of learning polynomials from
several unknowns.
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